Abstract. In the paper, we consider the question whether a unital full amalgamated free product of quasidiagonal C*-algebras is quasidiagonal again. We give a sufficient condition such that a unital full amalgamated free product of quasidiagonal C*-algebras with amalgamation over a finite dimensional C*-algebra is quasidiagonal. Applying this result, we conclude that a unital full free product of two AF algebras with amalgamation over a finite-dimensional C*-algebra is AF if there are faithful tracial states on each of these two AF algebras such that the restrictions on the common subalgebra agree.
Introduction
Quasidiagonal C*-algebras have now been studied for more than 30 years. A set Ω ⊆ B (H) is quasidiagonal if for every ε > 0 and finite subsets ω ⊆ Ω and χ ⊆ H there is a finite-rank orthogonal projection P such that [P, T ] < ε if T ∈ ω and (1 − P ) h < ε if h ∈ χ. In fact, if A is separable, then Ω is a quasidiagonal set of operators if and only if there exist an increasing sequence of finite rank projections, P 1 ≤ P 2 ≤ · · · , such that, for each a ∈ Ω, [a, P n ] → 0 and P n → I H (strong operator topology) as n → ∞. A C*-algebra A is quasidiagonal (QD) if there is a faithful representation ρ such that ρ (A) is a quasidiagonal set of operators. Recall that a faithful representation π : A → B (H) is called essential if π (A) contains no nonzero finite rank operators. Voiculescu showed that A is QD if and only if π (A) is a quasidiagonal set of operators for a faithful essential representation π of A. The examples of QD algebras include all abelian C*-algebras and finite-dimensional C*-algebras as well as residually finite-dimensional C*-algebras. For more information about QD C*-algebras, we refer the reader to [6] , [19] , [20] .
All C*-algebras in this note are unital. In [5] , we know that all separable QD C*-algebras are Blackadar and Kirchberg's MF algebras. It is well known that the reduced free group C*-algebra C for a unital full free product of RFD C*-algebras with amalgamation over a finitedimensional C*-algebra to be RFD again. Similar result hold for unital MF algebras ( [16] ). Based on these results and the relationship among RFD C*-algebras, MF C*-algebras and QD C*-algebras, it is natural to ask whether the same things will happen when we consider QD C*-algebras. For the case when the common part of two QD C*-algebras in a unital full amalgamated free product is *-isomorphic to a full matrix algebra (Proposition 1, [15] ), the answer is affirmative. In this note, we consider the case when the common part is a finite-dimensional C*-algebra. First of all, we will give two corollaries about QD C*-algebras based on Voiculescu's result. Then, we will show that, under a certain condition, a unital full amalgamated free product of two separable QD C*-algebras with amalgamation over a finitedimensional C*-algebra is QD again. As an application, we consider the case when two unital C*-algebras in a unital full amalgamated free product are both AF. We will show that a full free product of two AF algebras with amalgamation over a finite-dimensional C*-subalgebra is a QD C*-algebra if there are faithful tracial states on each of these two AF algebras such that the restrictions on the common subalgebra agree.
A brief overview of this paper is as follows. In Section 2, we fix some notation and give two corollaries about QD C*-algebras based on Voiculescu's abstract characterization. Section 3 is devoted to results on the full amalgamated free products of two unital QD C*-algebras. We first consider unital full free products of unital QD C*-algebras with amalgamation over finite-dimensional C*-subalgebras. Then we consider the case when two QD C*-algebras are both AF algebras.
Unital QD C*-algebras
The examples of QD algebras contains all RFD C*-algebras and AF algebras. Voiculescu's result (Theorem 1, [19] ) give an abstract (i.e. representation free) characterization of QD C*-algebras which is crucial in the rest of this paper. In the rest of this paper, we will only be concerned with separable C*-algebras and representations on separable Hilbert spaces.
We denote the set of all bounded operators on H by B (H). Suppose {x,
is a family of elements in B (H). We say that x k → x in * -s.o.t ( * -strong operator topology) if and only if x k → x in s.o.t (strong operator topology) and
We use the notation C*(x 1 , x 2, · · · ) to denote the unital C*-algebra generated by {x 1 , x 2 , · · · } . Let C X 1 , . . . , X n be the set of all noncommutative polynomials in the indeterminants X 1 , . . . , X n . Let C Q = Q+iQ denote the complex-rational numbers, i.e., the numbers whose real and imaginary parts are rational. Then the set C Q X 1 , . . . , X n of noncommutative polynomials with complex-rational coefficients is countable. Throughout this paper we write
is a sequence of complex matrix algebras. We introduce the C*-direct product
Furthermore, we can introduce a norm-closed two sided ideal in ∞ n=1 M kn (C) as follows:
Let π be the quotient map from
Recall that a C*-algebra is residually finite-dimensional (RFD) if it has a separating family of finite-dimensional representations. If a separable C*-algebra A can be embedded into
, then A is called an MF algebra. Many properties of MF algebras were discussed in [5] . Note that the family of all RFD C*-algebras is strictly contained in the family of all QD C*-algebras, and all QD C*-algebras are MF C*-algebras. D. Hadwin give a characterization of unital RFD C*-algebras (Theorem 6, [11] ) and a similar characterization of unital MF algebras is given by Hadwin, Li and Shen in [12] . Based on proceeding characterizations of RFD C*-algebras and MF C*-algebras respectively, we are expecting to see the distinction of quasidiagonal C*-algebras. Now, we are ready to give a corollary of Voiculescu's result (Theorem 1, [19] 
is a faithful unital essential *-homomorphism, and {ϕ n } is a sequence of unital completely positive maps in the hypothesis. Then for any ε > 0, there is an integer n ε and x i1 , · · · , x im such that and
Then by Theorem 1, [19] , we have π (A) is a QD algebra.
(⇒)Suppose A is a separable quasidiagonal C*-algebra and π : A → B (H) is a faithful unital essential representation on a separable Hilbert space. Then π (A) is a quasidiagonal set. Therefore, we can find a sequence {P n } of projections with
Now let ϕ n (a) = P n π (ab) P n , then the proof is completed.
Since each separable QD C*-algebra A is MF, this implies that A can be embedded into M km (C) / M km (C) for a sequence {k m } of integers. But in general, an MF algebra may not be a QD C*-algebra. Next proposition shows the difference between QD C*-algebras and general MF C*-algebras. Note that
be the canonical mapping onto the Calkin algebra and A is a unital C*-algebra. Suppose ϕ : A → B (H) is a unital completely positive map then we say that ϕ is a representation modulo the compacts if π•ϕ : A → Q (H) is a *-homomorphism. If π • ϕ is injective then we say that ϕ is a faithful representation modulo the compacts. The following proposition can be found in Proposition 3.1.3 and the preceding remark in [5] , we include a proof for the convenience of the reader.
Proposition 1. Suppose A is a unital separable C*-algebra, A is QD if and only if there is a sequence {k m } of integers and an embedding
Proof. (=⇒) Suppose A is a separable quasidiagonal C*-algebra and π : A → B (H) is a faithful unital essential representation on a separable Hilbert space. Then, for any given ε > 0, and F ⊆ A finite subset, there is a representation ρ : A → B (K) and a finite-rank orthogonal projection P such that [19] . Let 1 ∈ F 1 ⊆ F 2 ⊆ · · · be a sequence of finite subsets of A with ∪F n = A. Assume that F n , P n , K n , ε n = n −2 and ρ n satisfy above requirements. There is no loss of generality in assuming, we assume that K n is separable for each n. Let
such that this embedding can be lifted to a faithful representation modulo the compacts.
(⇐=) Assume that there is a sequence {k m } of integers and an embedding ρ from A into M km (C) / M km (C) such that ρ can be lifted to a faithful rep-
C km modulo the compacts. Let
Define a unital completely positive map ϕ n = P n ρP n from A to B C km = M km (C) for each m ∈ N. Since ρ is a faithful representation modulo the compacts, we have ϕ n (ab) − ϕ n (a) ϕ n (b) → 0 as n → ∞. Suppose F ⊆ A is a finite subset and ε > 0. Assume
Then ϕ n (a) = P n ρ (a) P n = a n . Since lim sup m→∞ a m M km (C) = a ,we can find natural numbers m 1 and m 2 with m 1 ≤ m 2 such that
Then ϕ is a unital completely positive map from A to M km 1 (C) ⊕ · · · ⊕ M km 2 (C) with ϕ (a) ≥ a − ε and ϕ (ab) − ϕ (a) ϕ (b) ≤ ε. This implies that A is QD by Theorem 1, [19] .
Unital Full Amalgamated Free Product of QD algebras
Now we are ready to consider the unital full free products of two QD C*-algebra with amalgamation over a finite-dimensional C*-subalgebra.
Given (A i ) i∈I unital C*-algebras with a common unital C*-subalgebra B and faithful conditional expectation E i : A i → B, look at the algebraic free product A = ⊛ B A i with amalgamation over B, which is a B-ring. Then B-bimodule de-
The full amalgamated free product of (A i , E i ) i∈I denoted by * B A i is the completion of ⊛ B A i in the C*-norm.
The following example shows that a full amalgamated free product of two QD (or MF, RFD) algebras may not be QD (or MF, RFD) again, even for a unital full free product of two full matrix algebras with amalgamation over a two dimensional C*-algebra which is *-isomorphic to C ⊕ C. 
The following lemma is well known. Lemma 1. Suppose A =C*(x 1 , x 2 , · · · ) and B =C*(y 1 , y 2 , · · · ) are unital C*-algebras. Then there is a unital *-homomorphism from A to B sending each x k to y k , if and only if, for each * -polynomial P ∈ C Q X 1 , X 2 , · · · , we have For showing our main result in this section, we need the following two lemmas. 
Lemma 2. (Corollary 4, [4]) Given
(A i , E i ) i∈I and (B i , F i ) i∈I with E i : A i → B,
Lemma 3. (Proposition 2.2, [1])Let

A ⊇ A ⊇ D ⊆ B ⊆ B be inclusions of C*-algebras and let
Assume F is a finite subset of A 1 * D A 2 which contains only two elements. Then
Since a i k and b kt are all in A 1 or A 2 for each i k ∈ {i 1 , · · · , i s } and k t ∈ {k 1, · · · , k t } ,without loss of generality, we may assume that either
and
For the case when
we have a 1,n · b 11 and b 1,m · a 11 are both in A 1 . So we can find an integer N 0 such that
are faithful representations modulo the compacts respectively with
where i, k ∈ {1, 2} , 1 ≤ j ≤ n and 1 ≤ l ≤ m. Meanwhile, we also require that
.
Since q A1 | D = q A2 | D is a unital faithful *-homomorphism, by Lemma 2, we have a unital completely positive map
Suppose
where
Then let
It is clear that A M km (C) . So, by Lemma 1 and inequality (0), there is a *-homomorphism
It follows that
From Lemma 4, we know that
it can be unital embedded into M lm for a sequence {l m } of integers. So by Theorem 6, [11] , there is a sequence of finite-rank projection {P n } on ⊕ ∞ m=1 C lm and *-representation
by (4) and
by (5) . Meanwhile, note that q Ai is D-linear and by inequalities (2) and (3), we have
For the case
we can use a similar discussion and notice that
in this case. It follows that the map Φ M = ϕ M • Φ is a unital completely positive mapping from
for a, b ∈ F . Using a similar argument for any finite subset F ⊆ A 1 * D A 2 , we conclude that A 1 * D A 2 is QD by Theorem 1, [19] .
For showing the following corollary, we need a lemma.
Lemma 5. (Theorem III.3.4, [8])A C*-algebra A is AF if and only if it is separable and :
(*) for all ε > 0 and
Moreover, if A 1 is a finite-dimensional subalgebra of A, then we may choose B so that it contains A 1 . 
